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ABSTRACT. Let be the Abel map of multidegree d of a singular curve X of genus g. We describe 
the closure of Ima^ inside Caporaso's compactified Jacobian P& for irreducible curves, curves of 
compact type and binary curves. 



1. Introduction 

Abel maps have been studied since the nineteenth century, starting from smooth curves: given a 
smooth projective curve C of genus g and a natural number d > 1, we can consider the product C d 
and define the Abel map of degree d 

a d c : C d — >• Pic d C 

d 

(pi,...,Pd) 1-4 Oc(Ek); 

i=l 

it is a regular map, and in degree 1 it is injective when g > 1. In particular, when d = 1 it gives the 
Abel-Jacobi embedding of C into Pic 1 C = J(C), its Jacobian. In the smooth case the image Ima^ 
of the Abel map coincides with a Brill-Noether variety, Wd{C), defined as 

W d (C) = {Le Pic d Cs.t. h°(C,L) > 0}. 

We recall that dim Wj (C) — min{<i, g}. A natural problem is to extend the Abel maps to singular 
curves in such a way that they have a geometric meaning. 

If AT is a singular curve we can still define Abel maps, but if we proceed as in the smooth case we 
will get a rational map, since the singular points are not Cartier divisors. We consider the decompo- 
sition of X in irreducible components, X = C\ U . . . U C 7 , and set X := X \ A sing , where A sing 
is the set of nodes of X, and Ci = CiDX. Then, let d = (d%, . . . , (Ly) be a multidegree with di > 
for any i, and 

X^:^C dl x ■•• x^; 

we notice that X- is a smooth irreducible variety of dimension d = \d\, open and dense in X- := 
C dl x ••• x C^. We set 

c4 : — >• Pic^A 

d 

(pi,...,Pd) ^ Ox(J2Pi)> 
i=l 

and we call it the Abel map of multidegree d; it is a regular map. Abel maps for integral curves have 
been studied by Altman and Kleiman in MAK80L and later on in EGK00I , OEGK02I , MEK051 . We 
notice that the completion of Abel maps for integral curves was a major step to prove autoduality of 
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the compactified Jacobian (|EGK02|). This is an important property connected with the study of the 
fibers of the Hitchin fibration for GL{n) ( HAIK761 . MM)- 

For reducible curves, the problem of completing the Abel maps is open with a few exceptions 
as we shall explain. As it is well known, the non separatedness of the Picard functor, together with 
combinatorial hurdles, make the case of reducible curves much more complex. The first step in this 
direction was taken by Caporaso and Esteves in |CE06|, where they construct Abel maps of degree 
1 for stable curves. For the completion of the map they use as target space the compactified Picard 
scheme Pi constructed in HCll ; they prove that there exists a regular map 

a^:X^pJ 

which extends a\. However, they do not describe explicitly the closure of the image of the comple- 
tion of the map. It is interesting to notice that they consider stable curves as limits of smooth ones, 
approaching this way the study of Abel maps for families of curves. In this setting, the completion 
of a\ can be viewed as a specialization to the singular fiber of the Abel maps of the smooth fibers. 
It is important to point out that the map a x turns out to be independent of the smoothing of X. This 
last aspect has been studied in [C4|, where the author characterizes in purely combinatorial terms 
the stable curves having natural Abel maps: again looking at a stable curve X as limit of smooth 
ones, an Abel map for X is natural if it doesn't depend on the choice of the smoothing. 

Further improvements have been achieved for Gorenstein curves by Caporaso, Coelho and Es- 
teves in |CCE08 1 using torsion free sheaves, and by Coelho and Pacini in [C07 1 and [CP09], where, 
respectively, they construct Abel maps of degree 2 for curves with two components and two nodes, 
and in any degree for curves of compact type. So in all other cases this problem remains open. 

On the other hand the situation is better understood in case d = g — 1 in 1C2I : if X is a nodal 
connected curve of genus g, denote by A^{X) the closure of Ima^. inside Pic-X. Let 

Wd{X) := {L e Pic^X : h°(L) > 0}; 

in Theorem 3.1.2. the author proves that if d is a stable multidegree such that \d\ = g — 1, then 

Ad(X) = Wd{X), 

and hence that the Brill-Noether variety Wd{X) is irreducible. Let Pjp be the compactified 
Jacobian in degree g — 1; it has a polarization given by the Theta divisor Q(X), and the pair 
(P| _1 ,0(X)) is a semiabelic stable pair as in 1A02I . It turns out that the varieties Ad{X$) — 
Wd(Xs), where X$ is a partial normalization of X at a set S of nodes, are the sets which give a 
stratification of Q(X) (see Theorem 4.2.6. in IIC2IP . 

The goal of this paper is to generalize this stratification in lower degree and give a characterization 
of the closure of the image of the Abel map of multidegree d for some classes of nodal curves, inside 
the compactified Picard variety constructed in flCll . We recall that in this construction every 
point of Pjf corresponds to a pair (Xs, Ms) where X$ is the blow up of X at a set S of nodes of 
X, and Ms is a balanced line bundle (see below) of multidegree d on Xs up to equivalence. So our 
question can be posed in the following way: which points of Pj| are limits of effective Weil divisors 
onl? 
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We will study the following cases: irreducible curves on the one hand, and two types of reducible 
curves, namely curves of compact type and binary curves. Curves of compact type have the ad- 
vantage and the special property that the generalized Jacobian is compact. Binary curves are nodal 
curves made of two smooth rational components meeting at g + 1 points. They form a remarkable 
class of reducible curves since they present the basic problems as all reducible curves, yet simpler 
combinatorics. Indeed, they have been used in the past as test cases for results later generalized to 
all stable curves, see for instance [C5 |,[Br99|. 

In order to answer our question, let X$ be a partial normalization of a nodal curve X at a set S 
of nodes. We define the set 

W% (X s ) = {L£ Pic^X s : h°(Z, L\ z ) > for all subcurves Z C X s }, 

and consider the union of the W+ (X s ) when S varies among the subsets of X smg and d§ is the 
restriction to Xs of a balanced multidegree d s on the partial blow up Xs. Similarly to [C2 1 [Theorem 
4.2.6], we define 

W d (X):= □ W+(X S ), 

»CSCX !i °8 

where (Xs) is the set of strictly balanced multidegrees d s > on Xs such that \d s \ = d, and 
d s = d s \ Xs - 

In section [3] we study directly the closure inside P£ of A d (X), and we prove that Ad(X) = 
Wd(X) giving a description of it in terms of the Brill-Noether varieties W®_ Ss (Xs) where Xs is 
the normalization of X at a set of nodes S, and 6s = §S. 

In section|4]we turn our attention to reducible curves: we describe the structure of the varieties 
Wd(X) for curves of compact type, which is quite natural, and in the last part we develop the study 
of Ad(X) and its closure inside P& for binary curves. We characterize it in terms of the varieties 
Wd s (Xs). If X is a binary curve of genus g and 1 < d < g — 1, we prove that the closure inside 
of the union of the varieties Ad(X) as d varies among balanced multidegrees on X, is exactly 
Wd(X). In other words, we define 

MX) := |J Ad(X) c if, 
then the main theorem states that 

(l.i) w d (x) = MT) apj. 

Finally we study the simpler case when d = 1 giving a characterization of the closure of the image 
of the Abel map for all the stable curves such that the set Bf°(X) of strictly balanced multidegrees 
d > is nonempty, i.e. the so called d-general curves. 
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2. Notation 

Let us recall some basic facts about the construction in [CI | that we will use in what follows. We 
work over an algebraically closed field k. Throughout the paper a curve will be a reduced projective 
variety of pure dimension 1 over k. Moreover, we will deal with nodal curves, although some 
statements are more general. Let then X be a nodal curve, and let X v — > X be its normalization; 
if X v = u7 =1 Cf is the decomposition of X v into smooth components of genus gi for every i = 
1, . . . , 7, then the arithmetic genus of X is g — J21=i 9i + S — ^ + 1. If Z is a subcurve of X of 
genus gz and Z c = X \ Z, we will denote by Sz = \Z> H Z c and if ujx is the dualizing sheaf of X, 
we setdeg^wx = degu> x \z = 2g z -2 + 5 Z - 

A curve X of genus g > 2 is said to be stable if it is connected and if every component E = F 1 
is such that Se > 3, which is equivalent to saying that the curve has finite automorphism group. By 
a quasistable curve we mean a connected curve X such that every subcurve E = P 1 has Se > 2 
and the ones with Se = 2, i.e. the exceptional components, don't intersect. If S is a set of nodes of 
a stable curve X, throughout the paper we will denote by X$ the normalization of X at the nodes 
in S, and by X$ the quasistable curve obtained by "blowing up" X at S. In what follows we will 
often call X$ a partial blow up of X. Obviously X$ is the complement in X$ of all the exceptional 
components. 

In MC1II Caporaso constructs a compactification Pd, g — > M g of the universal Picard variety, such 
that the fiber over a smooth curve X of genus g > 2 is its Picard variety Pic d X, whereas if X is 
a stable curve in M g , then the fiber over it is Fj£, a connected and projective scheme, which has a 
meaningful description in terms of line bundles on the partial blowups of X. 

Indeed, let X be a quasistable curve of genus g and L E Pic d X; we denote the multidegree of L 

by 

d = (di, . . . ,d y ), 

where, if X = U2=i ^ ^ s ^e decomposition of X in irreducible components, we have di = 
deg L\d and d — \d\. We say that d is balanced if for any connected subcurve Z of X we have that 

(2.1) d J^_^< di<d J^ + ^ ) 

2g -2 2 _ 2g-2 2' 

where wz = deg z u>x, and for any exceptional component £ of J we have L\e = 0_e(1). 

We say d is strictly balanced if strict inequalities hold in ( 12. j} for every Z £ X such that ZnZ c ^ 
X oxc , where X oxc is the subcurve of the exceptional components of X (see IIC7ID . We will denote 
by Bd(X) the set of balanced multidegrees on X, and by Bd(X) its subset of strictly balanced ones. 

We are going to introduce the scheme Pj| by looking at its stratification; so let X be a stable 
curve of genus g > 2, then, for any d, is a connected, reduced scheme of pure dimension g, such 
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that 

(2.2) ~pj = \\ P i 

!keB d {X s ) 

where Pb = Pic- s Xg, X$ C X$ as above, and d s = d\x s - I n particular, the points in P x are 
in one-to-one correspondence with equivalence classes of strictly balanced line bundles. Any such 
class is determined by S and by M 6 PicXs- Hence a point of P x can be denoted by [M, S], 
where if Ms is a class of line bundles in B d (Xs), then M :— Ms\xs> an d> by construction, when 
restricted to every exceptional component of Xs, Ms is equal to 0(1). 

A node n of X is said to be separating if X \ {n} is not connected; we denote by X snlg the set 
of nodes of X, and by X scp the subset of separating nodes. 

Let vs : Xs — > X be the normalization of X at the nodes in S. It induces the pullback map 
v* s : Pic-X ->■ Vxc^Xs; if M £ Pic^X s , we denote by F M (X) the fiber of v* s over M, and by 
W M (X) the intersection F M (X) n Wd(X). 

3. Irreducible curves 

Let X be an irreducible nodal curve of genus g and, for d > 1, consider the Brill-Noether 
variety Wd(X). As a subvariety of Pic d X, we are interested in studying its closure Wd(X) in the 
compactified Picard Variety Pi, using the description given in HC11 . It will turn out that Wd(X) is 
strongly related to the image of the Abel map, that we are going to define. Let X := X \ X sln& be 
the smooth locus of X; since X is irreducible, we have that X d is a smooth irreducible variety of 
dimension d, open and dense in X d . Now, for d > 1, let 

a d x : X d — >• Pic d X 

d 

(pi,...,Pd) <-> o x (52 Pi); 

i=l 

we call OL d x the Abel map of degree d. It is a regular map, and obviously a x (X d ) C Wd(X). We 
denote by Ad(X) the closure of a d x (X d ) in Pic d X; of course Ad(X) C W d (X). Let us now 
introduce the following set 

W d (X) := { [M, 5] e s.t. /i°(Xs,M s ) > 0}, 

where S C X sin s with <5 S := US', Xs = Xs U U^f^i is the blow up of X at the nodes of S, 
and, as we introduced in the previous section, Ms is a class of line bundles in Bd(Xs) such that its 
resctrictions to the components of Xs are 

M s \xs =-M, M s \ Ez =0(l)foranyz = l,...<5 s . 
Let us observe that since h°(X s , M s ) = h°(X s , M) (see |C2| [Lemma 4.2.51). we have: 

W d (X) = {[M,S] GPJs.t. h°(X s ,M) > 0}, 
which is in turn equivalent to: 

W d {X)^ [J W d - Ss (X s ). 
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Theorem 3.0.1. Let X be an irreducible curve of genus g > 1 with 6 nodes. Then for any d > 1 we 

have: 

(i) Ad{X) = Wd(X), hence Wd(X) is irreducible and dim Wd(X) = min{<i, g}, 

(ii) MX) = Wdjx) = Wd(x) c pJ. 

Proof. We start by assuming that X has only one node n, and its normalization is v : X n X, 
with v~ (ti) = {p, q}. Let us consider the regular dominant map 

p: W d (X) -> W d (X n ) 
L i-> v*{L); 

for any M G Imp we denote by Wm(X) = p~ l {M), the fiber of p. We recall that Wm(X) C 
F m (X), where F M (X) = k* is the fiber of the pullback map v* : V\c d X Y\c d X, n . The cardi- 
nality of the fibers Wm(X) is at least 0, so, since dim Wd(X n ) = d, it follows that dim Wd(X) < d; 
moreover Ad(X) is irreducible of dimension d, hence we have that Ad(X) is an irreducible compo- 
nent of W d {X). We want to prove that for any M G Imp, W M {X) C A d (X), so that A d {X) C 
W d {X) C A d {X) implies that W d (X) = A d (X) and W d {X) = A d (X). We are now going to 
analyze all the possible cases. 

(1) Me Imp with h°(X n , M) = 1 and 

h°(X n ,M(-p)) = h°(X n ,M(-q)) = h°(X n ,M) - 1. 

Then by flC2j Lemma 2.2.3], W M (X) = {L M } with L M G Imo^. 

(2) M G Imp with h°(X n , M) > 2 and 

h°(X n ,M(-p)) = h°(X n ,M(-q)) = h°(X n ,M) - 1. 

We are going to show that there exist two points in Fm(X) C Pj| which are contained in 
A d (X). Indeed, 

FMX)\F M (X) = {[M(-p),n),[M(-q),n]}. 

Let us take [M (-p), n]\ by Q Lemmas 2.2.3, 2.2.4] there exists L G Pic d_1 X such that 
v*{L) = M(—p) and L G Ima^ 1 . Let now p t e 1 be a moving point specializing to 
the node, i.e. such thatp t n. Of course L(p t ) G Ima^, and L(p t ) — > [M (— p),n] as 
t — > 0. Then [A/(— p), n] G ^^(X). The same holds for [M (— g), n], so we have that 

F M (X)\F M (X) CMX). 

(3) M G Imp with /i°(X„, M) = 1 and 

h°(X n ,M(-p)) = h a (X n ,M(~q)) - h°(X n ,M). 

Again we want to prove that Fm(X) \ Fm(X) C Ad(X); so let M' be a line bundle 
on X n not supported on either p or g such that M = M'(hp + kq); then M' is as in 
(1) and degA/' = d' with d' = d - (h + k). Let us consider [M(-p),n] G F M (X), 
then M(— p) = M'(h'p + kq), where b! = h — 1. We choose a moving point p t on X n 
specializing to p as t goes to 0, and a moving point q t on X n such that g t specializes to 
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q. Now fix t, and take the line bundle Af" := M'(h'p t + kq t ) on X n ; by case (1), there 
exists L" g Ima^r 1 such that v* (L'() = Af ". We consider now one moving point p u g X, 
such that v*(p u ) on X n specializes to p when u — > 0. As well as we saw in case (2), 
L'lipu) £ Ima^ specializes to [M t ",n] as u ->■ 0. Hence [Af t ",n] e Arf(X). Now let 
i — >• 0: we see that, by construction, [A//', n] — > [Af(— p), n], hence [Af (— p), n] G A<j(X). 
Using the same argument, we get that [M(—q), n] G j4d(X) as well. 

(4) M G Imp with h°(X n , Af) > 2 and either p or q as base point. Choose, say, p as base 
point, i.e. h°(X n ,M(-p)) = h°(X n ,M) = h°(X n ,M(-q)) + 1. Then there exists 
A/' G Pic d 'x„, with A/ = M'(hp), d! = d - h, and Af' not supported on either p 
or g up to move the support away. We notice that M(—p) = M'(h'p) with h' = h — 
1, so, as before, we perform a double specialization to show that [M(— p),n] G Ad(X). 
Concerning [M(—q),n], we have that M(—q) = M' '(hp — q) =: M"(hp) for a suitable 
M" G Pic d ' _1 X„. Moreover, since pis a base point of M" (hp), h°(X n ,M") > 1. We 
take again a moving point p t on X n specializing to p, and a p u on X such that 
specializes to p on Z„. We fix t and denote Af" := M"(hp t ), then by BC2I Lemmas 
2.2.3,2.2.4] there exists!/" contained in Ima^" 1 such that v* (L'() = Af t ". We take L'l(p u ); 
letting ti-^Owe get that L"(p u ) -> [Af", u] G Now we let t-»0, and obtain 
[M t ",n] [M(-g),n], whence [Af(-g),n] G 

(5) M G Imp with h°(X n ,M) > 2 and Af (-p)) = h°(X n ,M(-q)) = h°(X n ,M). 
Then there exists M' G Pic d ' X n , with Af = Af'(/ip + kq), d! = d - (h + fc), and 
Af' not supported on either p or g up to move the support away. As well as above, we 
consider [M(—p),n] and [M(—q), n] to show that they are contained in Ad(X). We proceed 
as in case (3) performing a double specialization, and recalling that h°(X n , M') > 2 by 
assumption. 

Let U C W d (X n ) be the following set: 

U := {M G W d (X n ) s.t. h° (X n , M) = 1, fc°(X n , M(-p)) = /AX„, M(-g)) - 0}; 

this is of course an open set in Wd(X n ), and it contains all the line bundles M studied in case (1). 
In particular for any M G U, we have that Ad(X) intersects Fm(X) in only one point Lm, where 
Wm(X) = {Lm}- In order to verify this assertion, by (1) we just have to check that [Af (— p), n] 
and [A/ (—q), n] are not contained in Ad(X), but this is obvious, since h°(X n , Af(— p)) = 0, hence 
on the blow up X n of X at n, h°(X n , Af (— p)) = 0. From the study of all the possibilities above, 
from (2) to (5), we get that for any Af G Imp which is not in U, Ad(X) contains at least two points 
of F M (X), but since the generic M has {1(-Pm(-^0 H -Ad(JT)) — 1, we have that for A^f £ Imp \ U, 
the whole F/vf (X) must be contained in ^4^(^)7 hence for any M G Imp we have that Wm(X) C 

So we have shown that = Ad(X), with subsequent equality of their closures. In order 

to show that Wd(X) — Wd(X), we argue like this: direction C is obvious, since Wd(X) is a 
closed set in P x containing Wd(X). On the other hand, the analysis made above suggests that any 
[N, n] G Wd(X) is also an element of Ad(X). Indeed if N has p and/or q as base points, we argue 
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as in (3), (4), (5); if otherwise N does not contain p nor q in its support, by (2) we get that there exists 
L(pt) G Ima^-, such that L(p t ) specializes to [N, n] as t — > 0. 

If the number of nodes 6 is > 2, we proceed by induction on S. Indeed, let X be a nodal 
irreducible curve having 6 nodes. We blow up X at one node n, so that X n is the blown up curve, 
and X n is the strict transform, and we have the normalization map v : X n — > X such that v~~ x (n) = 
{p, q}. So again we look at the dominant morphism p : Wd(X) — > Wd(X n ), and we prove that the 
fibers Wm(X) C Ad{X) for any M G Imp. As inductive hypothesis we assume that Wd{X n ) — 
Ad{X n ) is irreducible of dimension d. This is the only point where we used the smoothness of X n 
in the previous case when 6=1; hence reapplying the argument above, which is based on AC2I 
Lemmas 2.2.3,2.2.4], we get the conclusions for every S and for every d > 1. □ 

Remark 3.0.2. We observe that when d > g, with g the genus of X, it doesn't make sense referring 
to Wd(X), since it is equal to Y\c d X. On the other hand, when d = 1 we have that by BC2I Lemma 
2.2.3], Wi(X) = Imajf = A% (X), and when d = g — 1 we get that the Theta divisor is irreducible 

in Pic fl-1 X 

Remark 3.0.3. From the equality Ad(X) — Wd(X) for any d, we deduce an important fact; we 
use the previous notation, where X has 5 nodes and X n is the normalization at a node n. Let 
L G W d (X) be such that M = v*L has W M (X) = F M (X). Then k* = W M (X), and we can 
denote its elements in the following way: 

W M (X) = {L c ,ce k*}. 

Bv l3.0.1l we have that for any c G k* there exists a family L c t G Ima^ such that L c t —> L c . In 
particular, we will have that L\ — L c t (hp1 + kqf) for suitable h, k, p%,q\ G X such that v*(pf) 
specializes to p on X n , v*{qt) specializes to q, and L\ specializes to some effective line bundle on 
X not supported on n. Hence we can assume L c t = L c not depending on t; so, for any c G k* , we 
have L c (hp\ + kqf) — > L c . If L c is such that no other effective line bundle is in its fiber, we have 
that L c = L, and L(hp^ + kqf) — > L c , so in this case the limit depends only upon the choice of the 
moving points p c t and q c t . Equivalently, if c ^ d in k*, there exist moving points p%, qf and p° t , q% 
such that L{hp c t + kqf) -> L c and L(hpf' + kqf) -> L c ' . 

4. Reducible curves 

Very little is known about Abel maps of reducible curves, even if recently a lot of effort has been 
put into studying the class of stable curves, see for example lC2), E), JC6), llC07lJCP09L We 
are going to study the relation among the varieties Wd(X), Ad(X) and their closures in P^. Let X 
be a reducible curve with components C\, . . . , C 7 ; for any d — (di, . . . , d 7 ) G Z 7 with \d\ = d, 
we can consider the Brill-Noether variety Wd(X) that we defined in the introduction of the paper. 
Obviously if di < for every i = 1, . . . , 7, we get that Wd(X ) — 0. On the other hand, if we assume 
d > 0, i.e. di > for every i, we can define the Abel map of multidegree d. Set X := X \ X slag , 
and Ci = d n X; we define 

:= x ... x Cfr c := CVf 1 x . . . x Cf», 
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and 

c4 : X± — > Pic-X 

(pi,..., Pd ) H. Ox(Ek). 

i=l 

As in the irreducible case, we denote by Ad(X) the closure of the set Imo^- C Pic-X. We are now 
going to introduce a set which will be crucial hereafter. 

(4.1) W£(X) := {L e Pic^X s.t. h°(Z, L\ z ) > for any subcurve Z C X}. 
This definition suggests the following 

Lemma 4.0.4. Let d>0be a multidegree on a reducible curve X. Then 

A,(X) c Wj{X). 

Proof. The proof is straightforward: the line bundles in Ima| are of the form Ox (J2t=i Pi)> hence 
their restriction to any subcurve of X has nonzero sections. Then by upper semicontinuity of the 
dimension of the H° this is still true for their limits in A d (X). □ 

We start by studying the simplest case, i.e. when X is a curve of compact type. 

4. 1 . Curves of compact type. When X is a curve of compact type, for any multidegree d we have 
that Pic-X is complete, hence so is Wd{X). However we are interested in the relation between 
Ad{X) and W d (X). We start by assuming that X has two smooth components d, C 2 meeting at 
one node n, hence its normalization is the disconnected curve 

d U C 2 X, 

with u^ 1 (n) = {p, q}. This induces the pullback map 

Pic {dl ' d2) X ^ Pic dl Ci x Pic d2 C 2 , 

which is an isomorphism, and given L 6 W d (X), we denote (Li,L 2 ) := v*{L). We define the sets: 

W£{X) := {LeWd(X)s.t. h°(C 1 ,L 1 )>0,h (C 2 ,L 2 )>0}, 

(4.2) W£-{X):= {L e W d (X) s.t. h°(Ci,Li) > 0, h°(C 2 ,L 2 ) = 0}, 

W ± + (X) := {L&Wi{X)s.t. h a (C 1 ,L 1 )^0,h a (C 2 ,L 2 )>0}; 
of course we have that Wd(X) = Wf(X) U W^~(X) U W± + {X) set-theoretically. 

Proposition 4.1.1. Let Xbea curve of compact type of genus g with two smooth components C\ , C 2 
of genus resp. g\ , g 2 . Let d > be a multidegree with \d\ = d such that 1 < d < g — 1. We have: 

(i) if d\ < gi — 1 and d 2 < g 2 — 1, then W d (X) is connected and has 3 irreducible components, 
of dimensions d, di + g 2 — 1 , d 2 + g\ — 1, 

(ii) if d\ > gi and d 2 < g 2 — 1 (up to swapping the indices), Wd{X) is connected and has 2 
irreducible components. 



10 



SILVIA BRANNETTI 



Proof. In order to prove (i) we assume that d\ < g\ — 1 and d 2 < g 2 — 1. We consider the pullback 
map 

i/* : Pic-AT -A Pic dl C*i x Pic d2 C 2 

i i-> (Li,L 2 y, 

then by EU 2.1.1] using that 6 = 1, 

(4.3) = Kr^WMd) x W*,(C a )). 

Now since Ci,C2 are smooth curves, we have that WdiiCi) is irreducible of dimension di for 
i = 1,2. Then ^^(AT) is a closed irreducible set containing Ad{X). Since the fibers of v* have 
cardinality one, dim Wj~(X) = d. By definition we know that Imo^- = (y*)^ 1 (Ima^ xlma*), 
hence dimlma^- = d, then Aa(X) = W^(X) and they both have dimension d. 

The other two components of Wd{X) are the following ones: consider L £ (X); we have 
that /i°(C 2 , L 2 ) = 0, and since L has nonzero sections, we have h°(Ci, L±(— p)) > 0. As in IIC31 
we define the set 

(4.4) A p := {L 1 S Pic dl C*i s.t. h°(d, Li(-p)) > 0}, 
and consider the isomorphism 

4> v : Pic^^Ci — >■ Pic dl Ci 

(4.5) Vv 

M h-» M(p). 

It is easy to see that A p = (t> p (Wd 1 -i{C\)), hence A p is closed and irreducible of dimension d\ — 1. 
Now consider the set 

WT{X) := K)- 1 ^ x Pic d2 C 2 ); 

it contains 

Wj-{X) = [v*)- l {K p x (Pic d2 C 2 \ W d2 C 2 )) 

as an open set, and dim Wj (X) = d\ + g 2 — 1. 

The last irreducible component of W^X) is the one containing the L's such that h (C\ ,Li) =0 
and h°(C 2 ,L 2 ) ^ 0. Arguing as before, we define the set A q C Pic C2, and the isomorphism 

g : Pic rf2_1 C 2 ->■ Pic d2 C 2 sending N G Pic d2 " 1 C 2 to AT(g). Hence A g = g (VK d2 _i(C* 2 )), and 
the set 

W ± + {X) := (z/*) _1 (Pic dl Ci x A 9 ) 
is the closure of I¥ d ~ + (A'), with dim W d + (X) = d 2 + gi — 1, Hence we have that 

Wa(X) = A i (x)uW^(x)uW2 + (x), 

and their intersection is (i/*) _1 (A p x A q ), having dimension d\ — 1 + d 2 — 1 = d — 2. This implies 
that Wd(X) is connected. 

Part (ii) comes from part (i), once we have noticed that if d\ > g\ and d 2 < g 2 — 1, then 
h°(C u Li) > 0, so W^ + (X) = 0. Hence 

w^(a:) = w+(a:)uWJ-(a:), 
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and their intersection is (v*)~ 1 (A p ), having dimension d\ — 1. We notice that in this case by ( 14.3b . 
AivaW^ (X) — gi + d 2 , which can be less than d. We prove that even in this case it holds that 
Wj(X) = A d (X). Indeed, inclusion (D) is obvious, and concerning (C), let us take a line bundle 
L G W+(X). Then we look at its pullback M = v*(L). Let M = (0 Cl {D 1 + \p),Oc 2 (D 2 + w)) 
for some suitable divisors D\ and D 2 \ we choose moving points p t on C\ n X and q t on C 2 n X, 
specializing resp. to p and q. We consider on C\ U C 2 the line bundle: 

Af t := (0 Cl {Di + Ap t ), Cc 2 (^2 + m)), 

and push it down to X, getting the (unique) line bundle L t G Im«| such that v*(L t ) — M t . 
Then if we let t tend to 0, we get that L t specializes to L, and hence that L G Ad(X). So we 
conclude that W£(X) = A d (X). It follows that dim Wd{X) = max{gi + d 2 , di + 92 - !}■ If 
vice-versa d 2 > g 2 and di < g x - 1, we have that (X) = 0, Wd(X) = Ad(X) U {X), 
Ad{X) nWd + (X) = (iy*)- 1 (A g ),mddimWd(X) = max{di+g 2 ,d 2 +9i-l}. □ 

Remark 4.1.2. We just observe that the case d = g — 1 is carried out in [C2|, but we obtain it as 
a by-product in l4.1.U ii); since there are no strictly balanced multidegrees summing to g — 1 on a 
curve of compact type, we get that Wd(X) is not irreducible. 

In the sequel we will try to generalize our study to any curve of compact type, so take X as the 
union of irreducible smooth curves C\, . . . , C 7 , with the genus of C L and g the genus of X. Notice 
that since X is of compact type, we have that l~l Cj) — 1 for i ^ j, and this implies that the 
total number of nodes 6 < 7 — 1; we denote by the intersection point Ci Pi Cj. Let d > be a 
multidegree on X, with |d| = d, 1 < <i < g — 1. Let 

7 

v : |J Ci X 

i=l 

be the total normalization map, v* the pullback as before, and denote by {L\, . . . , L 7 ) the pullback 
to |J of any i G Pic^X. If riij is a node, its branches on Ci, Cj will be called respectively 

i=l 

P % j,p\, distinguishing the curve they belong to by the position of indices. 

Lemma 4.1.3. Let X be a connected curve of compact type as above and d>0. Then Wf {X) — 
Ad{X), is a (closed) irreducible component of W diX). 

Proof. The proof is straightforward: we see that, as we pointed out in the case 7 = 2, 
(4.6) W£(X) = (v*)~\W dl Ci x ■ ■ • x VK dT C 7 ), 

indeed X has a number of nodes S = 7 — 1, so we apply IIC2I 2.1.1] and obtain the equality. Since 
Ci is smooth for every i, by (14.6b W^(X) turns out to be a closed irreducible set of dimension 
d\ + ■ ■ ■ + cL — d, and it contains Ad(X). To see the inverse inclusion we argue as in l4.1.U ii). 
proving that for any L G W£(X) there exists L t G Ima^- such that, if we let t tend to 0, we get 
that L t specializes to L. So we have W^(X) — Ad(X) as we wanted. □ 
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What we are going to do now is to study the remaining irreducible components of Wd(X). To do 
this we need to introduce some notation: let Si = tt(Cj H X \ Cj) for i = 1, . . . , 7, and let J be a 
1x7 vector where the j-th component is Ij = + or Ij = — . Then we can define the set: 

W§(X) := {L e W^(AT) s.t. h (Cj,Lj) = if/, = and h°(C 3 ,L 3 ) >0iSIj = +} . 

Notice that if Ij = + for every j, i.e. I = (+, . . . , +), we get Wf(X). Let us fix some vector 
(+,...,+); set 

:= {j €{!,•••, 7}, Ij=+h 

and 

/- := {h£{l,...^},h = -}. 
We denote by the branch on Cj of the point of intersection Cj n C/j , for j G J + , and some /i G I - , 
if it exists. Moreover, we fix j G /+ and consider the disconnected curve X\Cj = X{ U • • • U X 3 k . 
We observe that Cj has only one point of intersection with each Xf, for I — 1, . . . , kj. We denote 
the branches of this point on Cj and Xj resp. by pj and p l j. If (L\, . , . ,i 7 ) are the restrictions of 
a line bundle L on X to each irreducible component of X, we denote by L x i the restriction of L to 
the connected component X 1 - . Set: 

C : {/ |1 !■:,}■ h°(L x i)=0}, 

and let 

A, := {Lj G W dj (Cj), h°(Lj(- J2 Pi)) > 0}- 
Now, still for j G / + , consider the set: 

(4.7) £j := ( J] (Pic^Ch \ (C h )) x A, x [] (C,) j G [| Pic d 'C 4 . 

and denote by Sj the set obtained from Sj by reordering the factors in such a way that the final 
order in Ej corresponds to the order of the components of I, so for example, Aj will be the factor in 
the position of j in I, We will denote by 

(4.8) S i= |J Ej. 

We observe that Aj is irreducible (see l4.1.fT i. and its dimension depends on the cardinality Aj of Cj. 
Indeed dim(Aj) = dj — Aj and < Aj < kj. It follows that Ej is irreducible for every j G I + . 

Lemma 4.1.4. We have that (i/*) _1 (Ej) = 

Proof. Inclusion (C) is easy by definition of E/, since an element of (^*) _1 (Et_) must have at least 
a nonzero section. On the other hand, given a line bundle L G Wj(X), we want to prove that 
v*(L) — (Li, . . . , L 7 ) belongs to Ej. If for every j G I + , h°(L x i) ^ for every I = 1, . . . , fc 4 , 
then £j = and Aj = (Ci) for every i, hence in this case 

E= H (Pic dh C h \W dh (C h )) x W dl {d) 
hei- iei+ 
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up to reordering the factors in the left hand side, and therefore v*(L) S S. Now, assume that there 
exists i 6 I + such that £j ^ 0. Without loss of generality we can assume that \d\ = 1. Then in 
order to glue the sections and get a line bundle on X, it must be h°{Li{— pj)) > 0, hence Li 6 A.,;, 
and therefore 

(Li, . . . , Lj) G Ej c Sj. 

□ 

Even if we can't say precisely which is the dimension of the components of Wr(X), we can count 
how many they are. By ( 14.81 l we see that for any fixed I, the number of irreducible components of 
Wj(X)is \I+\. Hence we can say that the number of irreducible components of Wd(X) is 

(4.9) Af:=(l+ J2 

\ !#( + :■■- + ) / 

Remark 4.1.5. We notice that depending on d, some J's won't appear in J4.9t ; indeed, if there exists 
some k E {1, . . . , 7} such that dk > gk, then the component Ik of 7 must be +, so we will have a 
small number of I's, and hence a small number of irreducible components in Wd(X). Moreover, if 
dk > 9k for every k, we get that the only irreducible component of Wd(X) is Wt (X). 

4.2. Binary curves. A binary curve of genus g is a nodal curve made of two smooth rational compo- 
nents intersecting at g + 1 points. We are going to recall some properties that we will use throughout 
this paragraph. If X is a binary curve of genus g > —1, a multidegree d — (di, (fe) such that |d| = d, 
is balanced on X if 

(4.10) m(d,g) := - '~ ' 9 ~ 1 < d t < - + | + 1 =: M(d, g) 

We say that d is strictly balanced if strict inequality holds. If X$ is a quasistable curve obtained 
from a binary curve X by blowing up the nodes in S, then we call E\ , . . . , E$s the exceptional 
components, so that if X$ is the partial normalization of X at the nodes in S, we have that X$ — 

Definition 4.2.1. A multidegree d = (di , . . . , d 2 +\\s) on Xg with \d\ — d, is balanced if the follow- 
ing hold: 

(1) di = 1 for any i = 3, . . . , i.e. d|B 4 = 1, Vi. 

(2) d|x s is balanced on Xg. 

d is strictly balanced if its restriction to X$ is strictly balanced on Xg. 

Remark 4.2.2. Let X be a binary curve of genus g, and let X n be the normalization of X at the 
node n, such that ^ : X n — > X is the associated map. Let d > be a balanced multidegree on AT 
such that \d\ = d < g — 1, then it is still balanced on X n . Indeed, let us suppose by contradiction 
that 

d± < m(d, g — 1); 

then it should be 

, . d- g o-l- g 
dl< — ^ —2—' 
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but then we would have that d\ < 0, which cannot happen. 

Lemma 4.2.3. Let X be a quasistable curve, and L € Y\c d X a balanced line bundle such that 
degL =: d with d < g — 1 and h°(L) > 1. Then there exists a non exceptional irreducible 
component C of X such that for general p G C 

h°(L(p)) = h°(L). 

Proof. We fix a smooth point p on X. We know that h°(L(p)) > h°(L). We suppose that 
h°(L(p)) = h°(L) + 1; by Riemann-Roch this is equivalent to saying that h°(wx ® L~ 1 (—p)) = 
h°(uix <8> L~ r ). This holds if and only if p is a base point of luxL 1 - But now we notice that, again 
by Riemann-Roch theorem, 

h a (u x ® L- 1 ) = h a (L) + 2g-2-d-g+l> h°{L) > 1. 

Therefore lux ® L^ 1 has some non vanishing section on X. If E C X is an exceptional component, 
then deg B ljx = and dcg E L = 1, hence deg B ivx <8> L^ 1 = — 1, hence every section of cjx 
vanishes on E. This implies that there must be a non exceptional component C of X such that the 
restriction to C of H°(lox ® L ) is non zero. Hence the general point p E C is not a base point of 
ux ® i~ . So we get our conclusions. □ 

Remark 4.2.4. We recall that if X is a nodal curve and d = g — 1 is stably balanced as in section 
1.3.1 in BC21 . then = Ad(X). It's very easy to see that if X is a binary curve and d = 

g — 1 > is balanced, then d is strictly balanced and hence stably balanced. This implies that if X 
is a binary curve of genus g and d = g — 1 > balanced, then = 

Lemma 4.2.5. Lefde Bd(X) be such that Wd{X) ^ where X is binary of genus g and d < g—1. 
Then d>0 and d € Bd{X). 

Proof. By [C5 | [Proposition 12] if d l < and d < g we have = 0, hence d > 0. Now we 

have 

/j \ d-g-l g - 1 - g - 1 

= 2 - 2 = ~ 

Therefore, if d > 0, cij 7^ m(d, 3) for i = 1,2. Hence d is strictly balanced on X. □ 

We notice that by lemma Fk2. 51 for a binary curve we have (X) = Wd{X). 

Proposition 4.2.6. Let X = C± U C2 be a binary curve of genus g, L a line bundle on X of degree 
d balanced, with < \d\ < g ~ 1, and h°(X, L) > 0. Then there exists a family L t 6 Ima| such 
that Lt L when t — » 0. 

Proof. Let L be a line bundle as in the hypothesis; we will use induction on the degree. 
If d = g - 1 by ED (see remarking we have that A±(X) = W±(X). 

Now let d < g — 1; by lemma l4.2.3l we have that there exists a component of X, say C\, such 
that for the general p e C\ we have that h Q (L(p)) = h°(L). By lemma 14.2.51 L(v) has balanced 
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multidegree on X. Hence we can apply induction and get that there exists a family L' t € Imar^ 1 
such that L' t — > L(p). Like before we denote this family via 

(4.11) O x {a\ + ---+a1+ 1 ) -+L(p). 

We notice that p is a base point of L(p). Let : X n — > X be the normalization of X at a node u, as 
in remark l4.2.2l Then we can pullback ( 14.111 ) to X n and get 

(4.12) O x M + --- + 4 +l )^L\p), 

where with abuse of notation we call the points on X and X n in the same way, and L' = v*{L). 
Now we divide the proof in two cases: 

Case 1 : we assume that h°(L'(p)) = h Q (L'). 

We need to use a second induction on the number of nodes. The inductive statement is: if 
L and L(p) are balanced line bundles on Y binary curve with S nodes, with degL = d > 
with h°(L) > 0, h°(L(p)) = h°(L) and there exists Y {a\ + ■■■ + af +1 ) -> L(p), then 
a\ — >• p for some i. 

The base of induction is obvious on a curve with no nodes, i.e. a smooth one. So we 
suppose that the statement above is true for X n : in particular we know that h°(L'(p)) = 
h°(L'); then by induction it holds that in ( 14.12b there exists a\ such that 

(4.13) a\ — >p for some i. 

Up to reordering the points we can assume that i — d+1. Now, by applying (14.13b to (14. lit 
we get that 

O x {a\ + --- + a d t ) — > L, 

and hence the conclusions in case 1 . 
Case 2 : we assume that h°{L'{p)) = h°(L') + 1. Then we have hP(L') = h°(L). We have two 
possibilities: by applying Lemma 2.2.3 (2) and Lemma 2.2.4 (2) in IC21 . either n is a base 
point of L, or Wl> (X) = {L}. In the first case we have that it must be true regardless of 
the choice of n, i.e. every node n of X must be a base point of L, which is impossible since 
the nodes are g + 1 whereas the degree of L is d < g — 1. 

On the other hand, if Wl* {X) — {L} we need a new inductive argument on the number 
of nodes. In this case the inductive statement is: let Y is a binary curve of genus g, M € 
Pic-y such that d is balanced and d < g — 1 with h°(Y,M) > 0. Then there exists 
M t e Imc4 such that M t -> M when t -> 0. 

The base of induction is given by a binary curve of genus 2, i.e. with 3 nodes, so that 
d = 1, and since d = g — 1, by MC2II we have Wd(X) = Ad(X), hence the conclusion 
holds. 

We assume the inductive statement for X n , so we get that there exists L' t € Imar^ 
such that L' t — > L'. Since L' t € Ima| , for every t there exists L t 6 Imar^- such that 
v*(L t ) = L' t . By the fact that W L \X) = {L}, we conclude that L t -> L. 

a 
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Corollary 4.2.7. Let X be a binary curve of genus g, and let d > be a balanced multidegree on 
X. Then Wd{X) = Ad(X). In particular Wd{X) is irreducible of dimension d. 

Proof. The first assertion is implied by proposition l4.2.6l And of course this implies that Wa(X) is 
irreducible. By [C5| [proposition 25] we have that the dimension of Wd(X) = d. □ 

So far we have studied the closure of Imar^ inside Pic-X when X is a binary curve. The next 
step is to study its closure inside the compactified Picard variety Pj| . 

Let Bd(X) be the set of strictly balanced line bundles of multidegree d on X, with \d\ — d, and 
denote by Bd(X) the set of balanced multidegrees. The stratification of Pj^ as in |C7 , Fact 2.2] is 
the following 

(4.14) Pj= H P§. 

0cscx^ in s 

!keB d {X s ) 

For any set S of nodes of X, if Ci, C2 are the smooth components of X, X$ = C\ U C2, with 
6s = tt(Ci l~l C2) = 8 — t)5, so that the total normalization is 

C\ U C 2 — ^> Xs, 

and given L £ Wd s (Xs), we denote (Lx^L^) := v* s (V). The stratification in (14.14b motivates the 
definition of 

(4.15) := □ ^(Xs), 

0CSCX sin E 

where (X5) is the set of strictly balanced multidegrees e > on Xs such that |e| = d, Xs is the 
partial blow up of X at the nodes contained in S, Xs is the strict transform of X, d s is a balanced 
multidegree on Xs such that \d s \ = d, whereas 

d s = d s \x s 

and \d s \ =d-$S. 

We notice that, if d e _B^"°(X), denoting by Ad{X) the closure of Ad{X) in Py, similarly to 
lemma l4T0.4l we have the inclusion 

(4.16) Ad{X) c W d (X). 
Definition 4.2.8. We denote by 

MX) := |J Ad(X) C ~Pj. 
deBf\x) 

Theorem 4.2.9. Let X = C\ U C2 be a binary curve of genus g > 2 with 5 > 2 nodes and smooth 
components. Take 1 < d < g — 1. 77jen 

^(X) = AJXj c . 
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Proof. Let us observe that, since %B d (X) < oo, we have that 

~~ jj MX) = |J mx). 

deBf\x) deB}°{x) 

For any d G B d ° (X), by ( 14.161 1 we get that inclusion (D) holds. Let us now prove inclusion (c). 
By ( 14.15b it is sufficient to show that for any c S C X sing , 

for a certain d € B d " (X). 

First of all we notice that by ( 14.15b . we can equivalently write 

W d {X) = | [M, S]e~Pj s.t. M G Wrf g (X<?) with d s > o| . 

Let us assume that §S = 1, with 5 = {n}; take M G (Xs) with d s = d s \x s and d s G 
B^°(Xs), and consider [M, S] = [M,n]. Thanks to the stratification of P% there exists d = 
(di,d2) G B d ° (X) such that either d s = (di — 1, g^) or d s = (di, c?2 — 1)- We assume, with no 
loss of generality, that d s = (di — 1, CZ2). Now by proposition l4.2.6l we know that M G Ad {Xs), 
i.e. there exists a family M t G Ima^ such that M t specializes to M on Xg as t M> 0. By IIC21 
Lemmas 2.2.3,2.2.4] we have that for any t there exists L t G Ima^ s such that the pullback of L t to 
Xs is Mt . Let us fix t and take a moving point p u on C\ D X such that p u specializes tonasw h> 0. 
We see that by construction degL t (p u ) = d and L t (p u ) G Ima^-; moreover 

L t (p u )^> [M t ,n] gI^(X). 

Now we let i tend to 0, so we obtain that [M t , n] >—¥ [M, n], and [M, n] G Aa(X). 

We proceed by induction on we have just proved that when jjS 1 = 1, then for any d s G 
Bf(X s ) there exists d G s|°(X) such that Wd s (X s ) C Ai(X). Let us suppose that S C X sing 
is such that for any d s G B^°(Xs) there exists d G B^°(X) such that Wg AXg) C Ad{X), or 
equivalently, [M, S] G A*(X) for every M G Wd s (Xg). 

We want to prove that for T C X smg , with T = S U n for any node n of Xs, then taking 
d T G Bf (X T ) there exists d G Bf (X) such that [M T , T] G Ai(X) with M T G (Xr). 

We take an element M T G Wd T (X T ), and consider [M T ,T]. By 14.2. 61 we know that M T G 
Ad T (X t), hence there exists a family M|, G Ima^ such that My, specializes to Mr on Xx> as 
t n> 0. Let d 5 = (df , df ) be a multidegree on Xs such that \d T \ = \d s \ — 1 and d s G £?|°(Xg); 
it exists because of the stratification of Pj|. Let us assume that, say, d T = (df — 1, df). Again 
IIC2I Lemmas 2.2.3,2.2.4] imply that for any t there exists M s G Irna^ such that the pullback of 
M| to Xt is M^. We fix t and take p u G Ci fl X specializing to n on Xs', then we have that 
degMofp,,) = dg, hence by inductive hypothesis [M|(p„), S] G yLj(X) for a certain d G -BJ {X). 
Then we have that 

[M s (p u ),S] u -^ [M T ,T] eMXj, 
and again letting t tend to we obtain that 

[m£,t]^[m t ,t]gA^), 
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as we wanted. 
It follows that 

U w is (x s )= (J MX), 

.» csc >f! e deBf\x) 
hence we get the conclusions. □ 

We are now going to investigate about the closure inside Pjj of the set A^(X) when d is a strictly 
balanced multidegree on X binary curve. Before, we need to recall some definitions introduced in 
EH. 

Definition 4.2.10. Let X and X be two Deligne-Mumford semistable curves; we say that X domi- 
nates X if they have the same stable model and if there exists a surjective morphism of X onto X 
such that every component of X is either contracted to a point or mapped birationally onto its image. 



Definition 4.2.11. Let d £ Bd{X) and d £ Bd{X). We say that d is a refinement of d, and we 
denote it by 

2 d d, 

if and only if X dominates X via a map cp and for every subcurve Y of X there exists a subcurve Y 
of X such that cp maps Y to Y and |d y | = \d Y \. 

We are now able to state: 

Proposition 4.2.12. Let X be a binary curve of genus g > 2 ant/ d > a strictly balanced multide- 
gree on X. Then 

MX) = |J w is (x s ) c w d (x). 

0CSCX sill S 
d s <d 

Proof. Inclusion (c) is obvious by an argument analogous to lemma 14.0.41 The proof of (d) is 
actually the same as in 14.2.91 i.e. we take an element [M, S] £ Pj| such that M £ Wd s (Xs) and 
ds d d and we use the same argument as in 14.2.91 considering that d s d d, hence Wd s (Xs) C 

MX). a 

4.2.1. Degree 1. We are now going to investigate what happens when the degree d = 1. Let X 
be a nodal connected curve of genus g > 2, let C±, . . . , C 7 be its irreducible components, and set 

9l = g(d), and $ = jj(Q n 

Lemma 4.2.13. Lef X be a semistable curve of genus g > 2 as above and dbe a balanced multide- 
gree on X such that \d\ = 1 and d 0. Then Wd(X) = 0. 

Proof. Let us suppose that Cj is an irreducible component of X such that di < 0. By the balancing 
condition we know that: 

(4.17) 2ft-2 + ft_j, 2ft-2 + ft ft 

V 7 2 5 - 2 2 " 2g - 2 2 
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Assume that there exists L £ Wd(X), and denote by n\ 1 . . . , ng i the nodes of d D X \ Ci. More- 
over, denote for simplicity Zi = X\ Ci and let q±, . . . , qs t be the branches of n%, . . . , ng i on Zi. If 
Y C X is a subcurve of X, we denote by Ly := L\ Y . Since by assumption h°(Ci, Ld) = 0, we 
have that 

h°(X,L) = h°(Z i ,L Zi (-q 1 q Si ))>0. 

Hence we must have that degL^ > 5i, and recalling that degLc ; = rff = 1 — degL^, it follows 
that 

(4.18) di<l-6i. 
Therefore we have to verify that 

2gi - 2 + Si Si 

< 1 - di\ 



this holds if and only if 



2 5 -2 2 
9 



So we have two possibilities: 

(i) either gi — and Si = 1 or Si = 2, 

(ii) or gi ^ and <5,; = 1. 

In case (i), Ci = P 1 , so let us suppose that Si — 2; hence Ci is an exceptional component of X, 
and by the balancing condition it must be di = 1. But by ( 14.181 ). we see that di < —1, and we get a 
contradiction. 

Suppose now that gt > and Si = 1. Then, by ( 14.17b we have that 

«i > , 

2 2 5 - 2 

hence > 0, which is again a contradiction in both cases (i) and (ii). Therefore Wd(X) = 0. □ 

By lemma l4!2.13l we have that the only possibility that Wd(X) ^ is when d = (1, 0, . . . , 0), up 
to swapping some indices. In particular, when d = (1, 0, . . . , 0) and L e Wd(X) we have that by 
IIC6I Lemma 4.2.3] either h°(L) < 1 or C\ is a separating line, h°(L) = 2 and L x ^ c ^ = O x ^ Ci . 
We have the following 

Theorem 4.2.14. Let X be a connected nodal curve; let d— (1, 0, . . . , 0) be a multidegree on X. 
ThenAd{X) = W£(X). 

Proof. By lemma l4IX4"l we only need to prove that Ad (X) D W£ (X). As usual we call G\, . . . , C 1 
the irreducible components of X, then up to reordering we have that d\c\ = 1- By MC6II TLemma 
4.2.3] if L £ W~£~(X) we must have h°(L) = 1 unless C\ is a separating line of X, we will discuss 
this case later, so suppose C\ is not a separating line of X. 

Then L has one nonzero section s on X. If it vanishes on a smooth point r of X, we have that 
L = Ox(r), so L £ Imajr. Otherwise, if there exists a node n £ C\ n C\ such that s(n) = 0, we 
normalize X at n; we denote X' A X the normalization at n. Now we have two possibilities: 

(i) X' is connected, i.e. n is nonseparating. Let L' be the pullback of L to X'. Let us denote 
by C2 the component of X such that {n} — C\ n C2 and by p, q the branches of n on X' with 
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p G C\. With abuse of notation we call again s the pullback of s to L' . Then s(p) = s(q) = 0, but 
L' has degree one, so s doesn't vanish on other points of C\, and in particular if {ni, . . . , m} are 
the other nodes of X' \ C\ f~l C\, s(n£) ^ 0. Notice that I > 1. Since the pullback of L to the total 
normalization of X is {Oc x (p), Oc 2 , ■ • ■ , Cc^X men s restricted to X 1 \ C\ must be a constant, 
hence by what we just said a nonzero constant. In particular s(q) ^ 0, which is a contradiction. 
Therefore s cannot vanish on a nonseparating node of X. 

(ii) X' is not connected. Then X' = C\ U Z\ and Zi is connected. In particular n is a separating 
node of X. The pullback of L to X 1 is M = (Oc x (p), Oz x ), where p is as in (i). Now let us consider 
a moving point p t € G\ \ p, such that p t H> p. Let Mj = (Oci (Pt), Oz x ) € PicX'. Then the line 
bundle Ox(pt) on X pulls back to M t (abusing notation). As p t H» p, M t n> M and L t ^ L such 
that h°(L) > 1. Since h°(X', M) = 1 we have that L is the unique line bundle on X pulling back 
to M and such that h°(L) > 1. Hence L = L. Hence L e Ad(X). 

If Ci is a separating line, since L G VK+(X) we have = 2. Then we can choose r G 

C*i \ (Ci n Cf ) such that L = O x (r). Sole Imcr|. □ 

In what follows we are going to give a characterization of the closure of Ad(X) in P% for stable 
curves in degree 1. Let then X be a stable curve. Let as usual X = CiU- • -UC 7 be the decomposition 
of X into irreducible components. If X$ is a partial normalization of X at a set 5 of nodes, we 
consider the decomposition of X$ in connected components: 

x s = x^u---ux^ s . 

We denote by 

va ■■ LJ Cf — > X g! 
the partial normalization of at all the nodes in the set 

U(cf n(x 5 \cf)). 

We recall that by 1C1I . for any stable curve of genus g > 2 and any d, we have a decomposition 

Jf= II ^- 

We define 

0CSCX sin E 

where again (X5 ) is the set of strictly balanced multidegrees d s > on X$ such that \d s \ = d, 
and d s — d s \x s with \d s \ — d — We will also use the notation 

d s = (df,...,d s J ) 

for the components of the multidegree d s on X$. Let 
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A d (X) := |J A^X) c P x . 
deBf\x) 

Remark 4.2.15. When the degree d = 1, the elements of B{° (X) are of the form (d\, . . . , d 7 ) 
with dj = 1 for one suitable i G {1, . . . ,7} and dj = for j ^ i. Thus, when we look at the set 
b\° PCs), if it is nonempty it must be jj£ = 1. 

We have the following result: 

Theorem 4.2.16. Let X be a stable curve of genus g > 2 with Bf°(X) ^ 0. 77ien 

Wx(X) = A\(X) cPj. 

Proof. Inclusion (D) holds by lemma 14.0.41 Now we prove inclusion (C). By hypothesis the set 
Ai(X) is nonempty. We want to prove that for any C S C X s[ng such that 2 S G B{° {Xs), 

W+(X s )cA^X) 

for a certain d G B{° (X). We can equivalently write 

W x (X) = j [A/, 5] G P|" s.t. M e Wj s (X s ) with d s > o| . 

By remark l4.2.15l we can assume jJS 1 = 1, with S = {n}, so hereafter we will write n instead of 
S. We take M <E (X n ) with 2 n e (X„), and consider [M, n]. Then by the stratification of 
and remark l4.2. 15l there exists d — (d\, . . . , <i 7 ) £ (X) such that di — 1 = df = for one 
i. We assume, with no loss of generality, that d\ — 1 = d™ = 0; now M G PiCd n X„ is such that 
Af = (Oxj 1 , • • • , Cx,? ), where r n is the number of connected components of X n and it is 1 or 2 
whether n is separating or not. Then, there exists L G Ima^" such that the pullback of L to X n is 
Af , and of course L — Ox ■ Let us take a moving point p u on C\ H X such that p u specializes to n 
as u H> 0. We see that by construction degL(p u ) = d and L(p u ) G Irna^-; moreover 

%)"1[M,n]e4(l). 

□ 

Remark 4.2.17. In |CE06| [Proposition 3.15], the authors characterize the locus in M g of the 
curves such that B\(X) is empty, i.e. the so called \-general curves. They prove that if g > 2 and 
g is odd, then the set T} g is empty. Hence when g is odd, if B^°(X) C B\(X) is nonempty we are 
always in the case of theorem ^. 2. 161 If, otherwise, B^ °P0 = 0, then both the sets W\(X) and 
are empty. 
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